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Long-range correlations in p+p, p+Pb, and Pb+Pb 
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¥Are the ‘ridges’ due to the same origin in p+p, p+Pb and Pb+Pb?
...



13 TeV pp at LHC (hydro/CGC?)
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Figure 2: Two-particle correlation functions,C(! ! , ! " ), in 13 TeV pp collisions inN

rec
ch intervals 10Ð30 (left) and

� 120 (right) for charged particles having 0.5<pT<5.0 GeV. The distributions have been truncated to suppress the
peak at! ! =! " =0 and are plotted over|! | < 4.6 to avoid statistical ßuctuations at larger|! ! |.

whereS and B represent the same event and Òmixed eventÓ pair distributions respectively [41]. When
constructingS and B, pairs are weighted by the inverse product of their reconstruction e" ciencies
1/(#(p

a
T, !

a)#(p

b
T, !

b)). Detector acceptance e#ects largely cancel in theS/B ratio.

Examples of correlation functions in the 13 TeV data are shown in Fig.2 for N

rec
ch intervals 10Ð30 (left)

and�120 (right), respectively, for 0.5 < p

a,b
T < 5.0 GeV. TheC(! ! , ! " ) distributions have been truncated

at di#erent maximum values to suppress a strong peak at! ! = ! " = 0 that arises primarily from jets. The
correlation functions also show a! ! -dependent enhancement centered at! " = $, which is understood
to result primarily from dijets. In the higherNrec

ch interval, a ridge is observed as the enhancement near
! " =0 that extends over the full! ! range of the measurement.

One-dimensional correlation functions,C(! " ), are obtained by integrating the numerator and denomi-
nator of Eq.1 over the long-range part of the correlation function, 2<|! ! |<5. These are converted into
Òper-trigger-particle yields,ÓY(! " ), according to [4, 6, 41]:

Y(! " ) =

!
"""""#

$
B(! " )d! "

N

a

$
d! "

%
&&&&&' C(! " ) , (2)

whereN

a denotes the e" ciency-corrected total number of trigger particles. Results are shown in Fig.3
for selectedNrec

ch intervals in the 13 and 2.76 TeV data, for thep

a,b
T ranges 0.5<p

a,b
T <5.0 GeV. Panel (a) in

the Þgure showsY(! " ) for 0 N

rec
ch <20 for both collision energies; these exhibit a minimum at! " = 0.

Panels (b), (d) and (f) show results from 13 TeV data for the 40Ð50, 60Ð70, and� 90 N

rec
ch intervals,

respectively. Panels (c) and (e) show the results from 2.76 TeV data for 50Ð60 and 70Ð80N

rec
ch intervals,

respectively. With increasingNrec
ch , the minimum at! " = 0 Þlls in, and a peak appears and increases in

amplitude.

To study further the ridge inpp collisions, a template Þtting procedure is applied to theY(! " ) distri-
butions. The measuredY(! " ) distributions are assumed to result from a superposition of a ÒperipheralÓ
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Figure 4: Measuredv2,2 (top) andv2 (middle) values versusNrec
ch for di! erent pa,b

T intervals for 2.76 (left) and
13 TeV (right) data. Results are averaged overNrec

ch bins of width 10 spanning the range 20< Nrec
ch < 100 and

20 < Nrec
ch < 130 for 2.76 and 13 TeV data, respectively, except for the 2.0 < pb

T < 3.0 GeV results for the 2.76 TeV
data which are averaged over bins of width 20. Measuredv2 values versuspa

T (bottom) for 13 and 2.76 TeV data for
the 50Nrec

ch <60 interval (left) and for threeNrec
ch intervals in the 13 TeV data (right). Results are averaged over the

pa
T intervals indicated by horizontal error bars. On all points, the vertical error bars indicate statistical uncertainties.

The shaded bands indicate systematic uncertainties. For clarity, they are only shown for the 0.5<pb
T<5.0 GeV case

in the middle, for 2.76 TeV data in the lower left, and for the 40Nrec
ch <50 case in the lower right panels.

Potential systematic uncertainties onv2,2 due to a residual" � dependence of the two-particle acceptance
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Figure 3: Per-trigger-particle yields,Y(! ! ), for 0.5<pa,b
T <5.0 GeV in di" erentNrec

ch intervals in 2.76 and 13 TeV
data. Panel (a): 0Nrec

ch <20 for both data sets. Panels (c) and (e): 50Ð60 and 70Ð80Nrec
ch intervals for 2.76 TeV data.

Panels (b), (d) and (f): 40Ð50, 60Ð70, and�90 Nrec
ch intervals for 13 TeV data. In panels (b)Ð(f), the open points and

curves show di" erent components of the template (see legend) that are shifted, where necessary, for presentation.

Y(! ! ) distribution, scaled up by a multiplicative factor and a constant modulated by cos(2! ! ). The
resulting template Þt function,

Ytempl(! ! ) = F Yperiph(! ! ) + Yridge(! ! ) , (3)

where
Yridge(! ! ) = G

!
1+ 2v2,2 cos (2! ! )

"
, (4)

has two free parameters,F andv2,2. The coe# cient,G, which represents the magnitude of the combi-
natoric component ofYridge(! ! ), is Þxed by requiring that

#"
0 d! ! Ytempl =

#"
0 d! ! Y. The peripheral
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We determine the distribution of linearly polarized gluons of a dense target at small x by solving
the B-JIMWLK rapidity evolution equations. From these solutions we estimate the amplitude of
! cos 2! azimuthal asymmetries in DIS dijet production at high energies. We Þnd sizeable long-
range in rapidity azimuthal asymmetries with a magnitude in the range of v2 = "cos 2! # ! 10%.

Transverse momentum dependent (TMD) factoriza-
tion [1, 2] in deep inelastic scattering predicts a distribu-
tion for linearly polarized gluons in an unpolarized tar-
get [3, 4]. This is reßected in cos 2! asymmetries in dijet
production [5, 6] and in other processes [7Ð9]. To date
little is known about the magnitude of these functions in
the small-x regime of high energies. In this paper we per-
form Þrst estimates of these functions by solving the B-
JIMWLK renormalization group equations [ 10Ð21]. Also,
we use our solutions to analyze the magnitude of the re-
sulting cos 2! asymmetry in dijet production [ 5, 22] at
leading order. These could be tested at a future electron-
ion collider (EIC) [ 23, 24], where the small-x e! ects dis-
cussed here can be enhanced by using a nuclear target.

Recent data for high multiplicity p+p [ 25, 26] and

p+Pb [ 27Ð33] data at the LHC have revealed long-range
(in rapidity) angular cos 2! ÒridgeÓ correlations in par-
ticle production high multiplicity events. The magni-
tude of these long range correlations is conventionally
parametrized in terms of v2 ! " cos 2! #. In fact, the
azimuthal correlation in DIS dijet production at high
energy originates also from the long-ranged eikonal in-
teraction and so results in a similar experimental sig-
nature as the ÒridgeÓ. To make this connection ex-
plicit we shall parametrize the azimuthal structure aris-
ing from the linearly polarized gluon distribution in terms
of v2 = "cos 2! #, and determine its dependence on the ra-
pidity imbalance of the dijet.

At leading order the cross section for inclusive produc-
tion of a dijet in " ! -nucleus scattering is given by [5, 6]

E1E2
d#! !

T A " qøqX

d3k1d3k2d2b
= $em e2

q$s%(x! ! $ 1) z(1 $ z)
!
z2 + (1 $ z)2" &4

f + P4
#

(P2
# + &2

f )4

%

#

xG(1) (x, q# ) $
2&2

f P2
#

&4
f + P4

#
cos (2! ) xh(1)

# (x, q# )

$

, (1)

E1E2
d#! !

L A " qøqX

d3k1d3k2d2b
= $em e2

q$s%(x! ! $ 1) z2(1 $ z)2 8&2
f P2

#

(P2
# + &2

f )4

%
%
xG(1) (x, q# ) + cos (2! ) xh(1)

# (x, q# )
&

. (2)

Here,

'P# = (1 $ z)'k1 $ z'k2 , 'q# = 'k1 + 'k2 (3)

are the dijet transverse momentum scale 'P# and the

transverse momentum imbalance'q# , respectively. The
transverse momenta of the produced quark and anti-
quark are given by 'k1 and 'k2 and their respective light-
cone momentum fractions arez and 1$ z; the dijet in-
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Predict for eA substantial v2
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FIG. 2: The average azimuthal anisotropy v2 = hcos 2�i versus the dijet transverse momentum scale PT or the dijet transverse
momentum imbalance qT , respectively. The assumed �

⇤A center of mass energy is
p

s = 100 GeV. Since Q2 = 4P 2
? and z = 1/ 2

these curves apply to either longitudinal or transverse photon polarization. Solid (dashed) lines correspond to fixed (running)
coupling evolution.

We obtain the Wilson lines U numerically from B-
JIMWLK evolution in Y = ln( x0/x ), starting from
an initial condition at x0 = 10! 2 using the the MV
model. The initial condition on the lattice is constructed
as described in detail in Ref. [37]. The B-JIMWLK
equation can be solved on the lattice with a Langevin
method [38, 39]. We use here the Òleft-rightÓ symmet-
ric [40] numerical method introduced in Ref. [41], using
either Þxed coupling or a running coupling with the al-
gorithm of Ref. [41]. As in e.g. Ref. [42], we determine
the saturation scale Qs numerically from the two-point
(dipole) function of the Wilson lines. The renormaliza-
tion group evolution increasesQs roughly as Q2

s ⇠ x! 0.3.
For the calculation of the light cone gauge Þeld one needs
Fourier transforms of derivatives of Wilson lines. Some
care must be exercised to obtain the proper momen-
tum space distribution: we have used two di! erent cen-
tered di! erence methods (discretizing over one or two
lattice spacings) and found that the results are equiva-
lent. For the Þxed coupling evolution we take! s = 0 .15
to provide an evolution speed roughly in line with in-
clusive HERA data. For running coupling we use in
this preliminary study the slightly overestimated value
Qs(x0)/ " QCD = 11, which also slows down the evolution
closer to experimentally observed values.

For our numerical estimates below we takeQ2 = 4P2
" .

Hence, for z = 1 / 2, vL
2 and vT

2 have equal magnitude
but there is a relative phase shift of " / 2. The physi-
cal momentum scale is set by the saturation momentum
at x0. To obtain the numerical values in the plots we
take Qs(x0) = 1 GeV (for a qøq dipole). The saturation
momentum corresponds to the scale where the forward

scattering amplitude is of order 1.
We now turn to describe our results. We Þrst show the

solution for the unintegrated gluon distributions before
discussing the azimuthal asymmetry w.r.t. the direction
of #q" of the $#A cross section.

Figure 1 shows the dependence ofG(1) and h(1)
" at dif-

ferent evolution rapidities Y on transverse momentum.
We refrain from showing curves for running coupling evo-
lution since they look very similar. Either one of the
TMDs drops rapidly as a power ofq" at high transverse
momentum q" � Qs and so they are best measured at
q" of order a few times the saturation scale. For a heavy-
ion target the saturation scale is boosted (on average over
impact parameters) by a factor of ⇠ A1/3 [43] which fa-
cilitates such measurements in a regime of semi-hardq" .

The degree of gluon linear polarization is maximal at
high transverse momentum,h(1)

" /G (1) ! 1; the satura-
tion of the positivity bound of the cross section has also
been observed in perturbative twist-2 calculations of the
small-x Þeld of a fast quark [4, 6]. On the other hand
h(1)

" /G (1) ⌧ 1 at low q" which conforms to the expected
power suppression. At Þxedq" /Q s(x) the ratio of these
functions decreases rather slowly with rapidity, at least
after an initial evolution away from the MV model to-
wards the B-JIMWLK Þxed point. This means that, be-
cause of the growth ofQs, the ratio h(1)

" /G (1) at Þxed
transverse momentumq" decreases with rapidity. Thus
the emission of additional small-x gluons reduces the de-
gree of polarization. Our results show that this e! ect
can quite well be parametrized by geometric scaling as a
universal function of q" /Q s.

In Fig. 2 we show the elliptic asymmetry as a func-
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FIG. 2: The average azimuthal anisotropy v2 = !cos 2! " versus the dijet transverse momentum scalePT or the dijet transverse
momentum imbalance qT , respectively. The assumed" ! A center of mass energy is

#
s = 100 GeV. Since Q2 = 4 P 2

" and z = 1 / 2
these curves apply to either longitudinal or transverse photon polarization. Solid (dashed) lines correspond to Þxed (running)
coupling evolution.

We obtain the Wilson lines U numerically from B-
JIMWLK evolution in Y = ln( x0/x ), starting from
an initial condition at x0 = 10! 2 using the the MV
model. The initial condition on the lattice is constructed
as described in detail in Ref. [37]. The B-JIMWLK
equation can be solved on the lattice with a Langevin
method [38, 39]. We use here the Òleft-rightÓ symmet-
ric [40] numerical method introduced in Ref. [41], using
either Þxed coupling or a running coupling with the al-
gorithm of Ref. [41]. As in e.g. Ref. [42], we determine
the saturation scale Qs numerically from the two-point
(dipole) function of the Wilson lines. The renormaliza-
tion group evolution increasesQs roughly as Q2

s ! x! 0.3.
For the calculation of the light cone gauge Þeld one needs
Fourier transforms of derivatives of Wilson lines. Some
care must be exercised to obtain the proper momen-
tum space distribution: we have used two di! erent cen-
tered di! erence methods (discretizing over one or two
lattice spacings) and found that the results are equiva-
lent. For the Þxed coupling evolution we take! s = 0 .15
to provide an evolution speed roughly in line with in-
clusive HERA data. For running coupling we use in
this preliminary study the slightly overestimated value
Qs(x0)/ " QCD = 11, which also slows down the evolution
closer to experimentally observed values.

For our numerical estimates below we takeQ2 = 4P2
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Hence, for z = 1 / 2, vL
2 and vT

2 have equal magnitude
but there is a relative phase shift of " / 2. The physi-
cal momentum scale is set by the saturation momentum
at x0. To obtain the numerical values in the plots we
take Qs(x0) = 1 GeV (for a qøq dipole). The saturation
momentum corresponds to the scale where the forward

scattering amplitude is of order 1.
We now turn to describe our results. We Þrst show the

solution for the unintegrated gluon distributions before
discussing the azimuthal asymmetry w.r.t. the direction
of #q" of the $#A cross section.

Figure 1 shows the dependence ofG(1) and h(1)
" at dif-

ferent evolution rapidities Y on transverse momentum.
We refrain from showing curves for running coupling evo-
lution since they look very similar. Either one of the
TMDs drops rapidly as a power ofq" at high transverse
momentum q" " Qs and so they are best measured at
q" of order a few times the saturation scale. For a heavy-
ion target the saturation scale is boosted (on average over
impact parameters) by a factor of ! A1/ 3 [43] which fa-
cilitates such measurements in a regime of semi-hardq" .

The degree of gluon linear polarization is maximal at
high transverse momentum,h(1)

" /G (1) # 1; the satura-
tion of the positivity bound of the cross section has also
been observed in perturbative twist-2 calculations of the
small-x Þeld of a fast quark [4, 6]. On the other hand
h(1)

" /G (1) $ 1 at low q" which conforms to the expected
power suppression. At Þxedq" /Q s(x) the ratio of these
functions decreases rather slowly with rapidity, at least
after an initial evolution away from the MV model to-
wards the B-JIMWLK Þxed point. This means that, be-
cause of the growth ofQs, the ratio h(1)

" /G (1) at Þxed
transverse momentumq" decreases with rapidity. Thus
the emission of additional small-x gluons reduces the de-
gree of polarization. Our results show that this e! ect
can quite well be parametrized by geometric scaling as a
universal function of q" /Q s.
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FIG. 3: The average azimuthal anisotropy v2 = !cos 2! " ver-
sus the dijet rapidity imbalance " = log (1 # z)/z. Thick
(thin) lines correspond to longitudinal (transverse) photon
polarization.

tion of the dijet transverse momentum scale P? and the
transverse momentum asymmetry q?. Increasing P? in-
creases x and suppresses evolution e! ects and so v2(P?)
increases towards the MV model initial condition. The
reason for the di! erence between the fixed and running
coupling curves in v2(P?) is that in this preliminary
study they have not been adjusted to have the same evo-
lution speed ! Y lnQ2

s (Y ). We observe the same behavior
for v2(q?) even though x increases only slowly with q?;
here the increase of the elliptic asymmetry is mainly due

to h(1)
? (q?)/G(1)(q?) ! 1 as q?/Qs � 1, as shown above.

Overall, in the kinematic range considered in Fig. 2 we
find a rather substantial magnitude of v2 ⇠ 10%.

Figure 3 shows v2 versus the rapidity asymmetry

" = log
1� z

z

. (11)

Our calculation applies for moderately large rapidity sep-
arations less than 1/#s, since we are assuming that the
two jets are sensitive to the same distribution of Wilson
lines. We find a mild increase of v2 away from z = 1/2
which is due to the fact that asymmetric dijet configura-
tions probe the gluon field of the target at larger values
of x. The slow evolution of the eikonal interaction with
x translates into a rather flat v2(" ) over several units in
" away from the boundary of phase space. Hence, at
high energies the azimuthal asymmetry is long range in
rapidity.

In summary, we have computed the TMD distribu-

tion h

(1)
? of linearly polarized gluons for a large nucleus

at small x. We have used the McLerran-Venugopalan
model to obtain initial conditions at x0 ⇠ 10�2 and

the B-JIMWLK equations to evolve to lower x. We
find that for realistic values of x and transverse mo-
mentum imbalance q? that h

(1)
? (x, q?) is of substantial

magnitude. This results in large elliptic azimuthal asym-
metries v2 ⌘ hcos 2$i ⇠ 10% in DIS dijet production.
Also, the azimuthal correlations are long range in rapid-
ity, i.e. v2 depends weakly on the rapidity asymmetry
" = log (1� z)/z.
In the future we intend to check other initial condi-

tions for the evolution, although we do not expect quali-
tative modifications of the results presented here. It will
be interesting, also, to study Sudakov resummation ef-
fects [44, 45] as well as more general kinematic configu-
rations which require quadrupole matrix elements [5].
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Testing the feasibility
• Other than in Bowen’s case Adrian and Vladimir provided a MC code 

! standalone C++ 
! produces hadron pairs 

! pt, qt, z, phi, \vec{kt1}, \vec{k2}. 
! basically, pt is the total dijet transv. momentum, qt is the tr.mom. imbalance, z is 

the light-cone momentum fraction of the produced quark, 1-z that of the anti-
quark, and phi is the angle between \vec{Pt} and \vec{qt}.  to see the "ridge", you 
basically need to plot dN/dphi vs phi. 

! Issues: 
! No cross-section just pairs (Adrian is fixing this now using Sartre 

experience and code) 
! for fixed A only (Qs fixed) but OK since A=200, can be fixed 

according to Adrian (not urgent) 
! for L and T separate and fixed γ*A √s 

- need eA not γ*A  
! no parton shower (could be added via PYTHIA8)

6! !

!"#$%&'()*+,*-.+//0/)-&%+$*1"$#'2".*%$&)#.34

! *A CM energy:

summed over ! * polarizations
integrated over "



Next steps

• Let Adrian and Vladimir add CS and photon flux incl. T,L 
dependence 

• Invite Vladimir to give a talk (RBRC!) 
• TU (add parton shower) 
• Then run through set det. sim or use fast sim and study 

effects (ridge?) 
• Compare to PYTHIA with EPS09? Use Liang’s MC?
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